Operations With Rational Expressions

' : I i T h b ; ket polynominal
A rational expression is an expression that can be written in the form [Zrreress,

where the denominator is not zero. A rational expression is in simplest form if the
numerator and denominator have no common factors except 1.

Example 1

Write the expression 4: _:' za in simplest form.

dr + 8 _ Hx+2)
Factor the numerator. T T e
Divide out the common factor x + 2. = 4

To add or subtract two rational expressions, use a common denominator.

Example 2

Simplifyzx—}, + %.

The common denominator of 3y and 2y is 6y 2i_y + % = % ' i{ + 3% * :;
Multiply. B Ei:_; & %

Add the numerators, = g_:.:

To multiply rational expressions, first find and divide out any common factors in the
numerators and the denominators. Then multiply the remaining numerators and
denominators. To divide rational expressions, first use a reciprocal to change the
problem to multiplication.

Example 3

Simplify 12 = 8¢,

Change dividing by 15—1 to multiplying by the reciprocal, % % - T—i = % . %
Divide out the common factors 5, x, and 7. = !%‘f—] b4 %—T
Multiply the numerators (8x - 2). Multiply the denominators (3 - 1). = %

Need help on rational expressions? Click here.
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Exercises
Write each expression in simplest form. 5
4a’b 9 Bn+ 15 g 28c*(d — 3)
" 12ab Tnt3 T - M " 35¢(d — 3)
Perform the indicated operation.
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https://www.khanacademy.org/math/algebra2/rational-expressions-equations-and-functions#multiplying-and-dividing-rational-expressions

Factoring and Operations With Polynomials

/7
Example 1
Perform each operation,
a. (3 — 4y + 5) + (3 + 9y b. (n + 4)(n — 3)
To add, group like terms. = (3y° + v°) + (—4y + 9y} + 5 Distribute nand 4. = n(n) + n(—3) + 4{n) + 4(-3)
Combine like terms. =42+ 5y +5 Multiply. =n?—3n+4n-—12
Combine like terms. = n® + n — 12

To factor a polynomial, first find the greatest common factor (GCF) of the terms.
Then use the distributive property to factor out the GCE

Example 2
Factor 6x* — 12x* + 18x.
List the factors of each term. The GCF is &x. ¥ =6-x-xx5 —122 =6+(—2)+x-x 18k =6-3 - x
Use the distributive property to factor out 6x.  6x% — 12x2 + 18x = 6x(x?) + 6x(—2x) + 6x(3)
= 6x(x2 — 2x + 3)

When a polynomial is the product The sum of these numbers must equal b.
2+ bx+ec= Nx +

of two binomials, you can work * i. [ The product of these numbers must equal c.
backward to find the factors,

Example 3

Factor x* — 13x + 36.
Choose numbers that are factors of 36. Look for a pair with the sum —13. m
The numbers —4 and —9 have a product of 36 and a sum of —13. The =G| =12

factors are (x — 4) and (x — 9). 50, 2* — 13x + 36 = (x — 4){x — 9). =4 (=) | =13

Need help on factoring and operations with polynomials? Click here.

Exercises

Perform the indicated operations.
1. (2 +3x— 1)+ (7x — 4) 2. (597 +7y) — (3y? + 9y — 8) 3. 4x%(3x% — 5x + 9)
4, —5d(13d% + 7d + 8) 5. (x — 5){x + 3) 6. (n — T)(n — 2)

Factor each polynomial,
7. a> — 8a + 12 8.nl—2n-—8 9. x* + 5x + 4 10. 3m® — 9

11. y2 + 5y — 24 12. 5% + 652 + 115 13. 23 + 4x2 — Bx 14. y* — 10y + 25


https://www.khanacademy.org/math/algebra-basics/alg-basics-quadratics-and-polynomials

Solving Equations

@ LGN Y Solving @ One-Step Equation

What is the solutionofx + 4 = =127

How can you isolate
the variable?

To isolate the variable,
you have to remove the
+4 from the left side of
the equation.

How do you solve
an equation with
the variable on both
sides?

Choose a side for the
variable and remove it

from the other side.

Write the original equation.

The solution checks. =12

Subtraction is the inverse
operation of addition, so

x+4=—12 subtract 4 from each side.

Use the Subtraction Property of Equality. —x+ 4 — 4= —12 — 4

x= —16

Substitute —16 for x in the original equation. 16 +4 L —12

=12 v

What is the solution of =27 + 6y = 3(y — 3)?

Write the original equation. =27 + 6y = 3(y - 3)

Use the Distributive Property.  —27 + 6y = 3y — 9

Add 27 to each side. 6y = 3y + 18
Subtract 3y from each side. 3y = 18
Divide each side by 3. y==6

Need help on solving equations? Click here.

Exercises

Solve each equation.

10. h = 12 =@

Solve each equation. Check your answer.

To start, subtract 2 from each side.

14. 15— g =23 — 2g

16. 6a — 5 = dga + 2

18. 6{n — 4) = 3n

49 See Problem 1.

1. ~§ = 27 12. 4t = 48

4 See Problem 2.
13. Tiw +2 = 3w + 94

Tw+2—2=3w+ 84 —2

15. 5y + 1.8 = 4y — 3.2
17. 4y -8 -2y +5=0

19.52—-g) =0


https://www.khanacademy.org/math/algebra/one-variable-linear-equations#alg1-intro-equations

Completing the Square

m§ Key Concept Completing the Square

You can form a perfect square trinomial from x? + bx by adding (;_Dz

S8 g () = 6 B

Py,

SO Completing the Square

What value completes the square for x* — 10x? Justify your answer.

Wiy no you want Identify b = —10, €2 — 10x

a perfect square 3 12 el

trinomial? Find (2. (8) = (L) = (-5)2 =25
You can factor a perfect "

sgjuare trinomial as the Add the value of (E) to complete the square. 2 — 10x + 25

SHUATE Sha IRHE Rewrite as the square of a hinomial. x% — 10x + 25 = (x — 5)°

m Key Concept Solving an Equation by Completing the Square

1. Rewrite the equation in the form x* + bx = . To do this, get all terms with the
variable on one side of the equation and the constant on the other side, Divide all
the terms of the equation by the coefficient of +2 (if it is not 1),

2. Complete the square by adding (%)2 to each side of the equation.

3. Factor the trinomial.

4. Find square roots.

5. Solve for x.

@ O Y Solving by Completing the Square

What is the solution of 3x% — 12x + 6 = 02

Write the original equation, 3 —12x + 6

Rewrite the equation in the form
¥+ bx=rc

Divide each side by 3 so the coefficient
of x2 will be 1.

Simplify. Identify b = —4.

3x° — 12x
ol b
3 3
x2 1x

Find (2)° = 4. (gjz = (‘fjg = (—2)

How can you check

your answer? Add 4 to each side. r*—d4x+4
Check your results Factor the trinomial. (x — 2)?
on your calculator. )

Replace x in the ariginal Find square roots. x=2

equation with 2 + V2

Solve for x,
and 2 — V2.

-2+ 4

+v/2
2 +4/2



Completing the Square (cont’d)

Need help on completing the square? Click here.

Exercises

Complete the square. 4 See Problem 4.
9. x2 + 18x + 10. x2 — x + 11. x2 —24x +

12. 2 + 20x + 13. m?—3m + 14. 12 + 4x +

Solve each quadratic equation by completing the square. 4 See Problem5.

15. 2 +6x—3=0

To start, rewrite the equation. ¥+ Gy = 3

Get all terms with x on one side.

Find (2)". (37 =0)=06r=9

16. X —12x+7=10 7.+ 4x+2=0 18. x* — 2x=5

19. X* + 12 = 10x 20.x°* - 3x=x-1 2. x** + 2 =6x + 4

2.2 +2x-5=x* 23. 42+ 10x-3=0 24.9x2 - 12x—-2=10


https://www.khanacademy.org/math/algebra/quadratics/solving-quadratics-by-completing-the-square/v/solving-quadratic-equations-by-completing-the-square

Simplifying Radicals
A radical expression is in simplest form when all of the following are true.

¢ The radicand has no perfect square factors other than 1. radical symbol

4

* The radicand does not contain a fraction. T
~/ 1 « radicand

* A denominator does not contain a radical expression,

Example 1
Simplify the expressions V2 « V8 and V294 + V3.
/2« B =12 Write both numbers under one radical. /B8E AT = . [204
V2B =1v2.8 ite mbers under one radi V293 + V3 = B
g Simplify the expression under the e
= Vlie radical. = V38
= 4 Factor out perfect squares and simplify. = /49 « 2
= 7V2

Example 2

Write \-'I% in simplest form.

Rewrite the single radical as a quotient.

,
L
Eﬂ|"' 5:‘||£‘1

Simplify the numerator.

_ 2 N3 Multiply by % (a form of 1) to remove the radical from the denominatar.
Fre T
V3 VI mhisis called rationalizing the denominator,
_ 203
-3

Some help on this here.

Simplify each radical expression.

V27 [25 50
1. Jsl 2.4 3.9

v'ﬁ 5. 1~|'2_5 . NE 6. .,J":-'T v"_
4. /50

|44x" o~ 9. 454418

Vi
7. v 11 8. .27


https://www.khanacademy.org/math/algebra/rational-exponents-and-radicals/alg1-simplify-square-roots/v/simplifying-square-roots-1

Pythagorean’s Theorem and Converse

Given a right triangle ABC with € being the vertex of the right angle, then the sides AC and BC are called the legs
of & ABC, and AF is called the hypotenuse of & ABC.

A
C
b
_l
[ a 4

Take note of the fact that side a is opposite the angle 4, side b is opposite the angle B, and side ¢ is opposite the
angle C.

The Pythagorean theorem states that for any right triangle, a® + b* = ¢2.

Example 1

Now that we know what the Pythagorean theorem is, let's practice using it to find the length of a hypotenuse of a right
triangle.
Determine the length of the hypotenuse of the right triangle.

A

The Pythagorean theorem states that for right triangles a® + b* = ¢*, where a and b are the legs, and ¢ is the
hypotenuse. Then,

a*+ b=

62 +8=c
36+ 64 =c?
100 = 2.

since we know that 100 = 107, we can say that the hypotenuse ¢ is 10,

The converse of the Pythagorean theorem states that if a triangle with side lengths a, b, and c satisfies
a’ + b? = 2, then the triangle is a right triangle.

For more help on Pythagorean and Converse, click here.


https://www.khanacademy.org/math/basic-geo/basic-geometry-pythagorean-theorem/geo-pythagorean-theorem/v/the-pythagorean-theorem

Exercises

Determine whether the given lengths can be side lengths of a right triangle.

1. 15, 36, 39 2.3,7,10 3.8,15,17
4. v,'}—.\'.zv,'g 5.6,7,8 SO 12, 16,

For the values given, a and b are legs of a right triangle. Find the length of the hypotenuse. If necessary, round to
the nearest tenth.

7.0=6,b=8 8.a=50b=9 9.0=4,b=10
10.0=9,b=1 11.0=7,b=35 12.0=1.4,b=23



Right Triangle Trigonometry

For any right triangle, there are six trig ratios: Sine (sin), cosine (cos), tangent (tan),
cosecant (csc), secant (sec), and cotangent (cot).

Here are the formulas for these six trig ratios:

) opp 1 hyp
Sl = —— Cs5C =i— =r—=
hyp sin opp
.. S ..
hyp cos adj
o 1 adj
tan = E cot= — = ol
adj tan opp

Let's start by finding all 6 ratios for angle A.

0 3
snA=—=-= cscA=—= —
yp 5 sin
e adj_4 & _5
cosA = S 5 sec A = ——
0 3 4 1
tanA:E=— cotA= —=— 41n.
adj 4 tan 3

Help on trig ratios can be found here.

Exercises
Find the value of each indicated trigonometric ratio.

1) cot & 2) esc @

4 g
. S
12
]

3) sin @ 4) ese @


https://www.khanacademy.org/math/geometry/hs-geo-trig/hs-geo-trig-ratios-intro/a/opposite-adjacent-hypotenuse

Right Triangle Trigonometry Exercises (cont’d)

Write the ratio of the indicated trig functions:

wis
60

. , 5
5) Find sec @ if tan 8 = T 6) Find csc @ if tan @ =

7) Find sec @ if cot 8 =2 | i
8) Find cos & if cot E:E

2 10) Find cos @ if esc 8=A5
9} Find cos @ if sec # = =



